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PINCHED HYPERSURFACES SHRINK TO ROUND POINTS 


MARTIN FRANZEN 

With an appendix by M. Franzen, M. Westerholt-Raum, F. Kuhl. 


Abstract. We investigate the evolution of closed strictly convex hypersur¬ 
faces in n = 3, for contracting normal velocities, including powers of 

the mean curvature, H, of the norm of the second fundamental form, |A|, 
and of the Gauss curvature, K. We prove convergence to a round point for 
2-pinched initial hypersurfaces. In R^"*"^, n = 2, natural quantities exist for 
proving convergence to a round point for many normal velocities. Here we 
present their counterparts for arbitrary dimensions n £ N. 
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1. Overview 


We consider the geometric flow equation 


( 1 . 1 ) 


X{;0)=Mo 


and ask whether closed strictly convex hypersurfaces Mo<t<T in n = 3, 

shrink to round points. 
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For the cubed mean curvature, F = FI^, the answer is affirmative if the initial 
hypersurface Mq is 2 -pinched, i. e. the principal curvatures fulfill 


everywhere on Mq for all 1 < < 3. This is our main Theorem 16.51 

Furthermore, we sketch the proof of similar results for the square of the norm of 
the second fundamental form, F = and the Gauss curvature, F = K. 

So far, strong pinching assumptions were needed to show convergence to a round 
point [siiaiTo]. 


The paper is structured as follows: 

• Notation: We give a quick introduction to differential geometric quantities 
used in this paper, e. g. the induced metric, the second fundamental form, and the 
principal curvatures. 

• Linear operator L: We calculate the linear operator Lw := — F^^w-^tj for 

a function w of the principal curvatures Aj, i = 1, 2,3, at a critical point of w. To 
improve readability, we also choose normal coordinates at that critical point, i. e. 
gij = 6ij, and (h^) = diag (Ai, A 2 , A 3 ). This lays the groundwork for subsequent 
calculations. 

• Vanishing functions: In n = 2, for many normal velocities F the quantity 

(Ai - A 2)^ ^2 
(AiA 2 )^ 

seems to be the natural choice when showing convergence to a round point. As in 
[^, we call this quantity a vanishing function for a normal velocity F. It is used 
by B. Andrews for the Gauss curvature flow [1], by F. Schulze and O. Schniirer for 
the iJ'^-flow [TU], by B. Andrews and X. Chen for the |A|°’ and the tr A'^-flow [5]. 

The quantity 

(Az - Aj)^ 2 


is the counterpart of a vanishing function for arbitrary dimensions n G N. In 
particular, we work with this quantity in n = 3. 

• H^-flow: The proof of our main Theorem 16.51 is based on investigating the 
quantities 


ipH3 

and 


(a — 6)^ + (a — c)^ + {b — c)^ 

(a + 5 + c)2 

f , (q - c)^ ib-c)‘^ \ . 3,2 

'v (a &)2 ^ (ac )2 ^ ( 6 c )2 ^ 


which are homogeneous functions of the principal curvatures a = Ai, 6 = A 2 , and 
c = A 3 . First we show that the estimate < h := 1/8 is preserved during the 
Ff^-flow if the initial hypersurface Mq is 2-pinched. Next we prove that is 
bounded in time on the set where < h. This involves the maximum-principle, 
the linear operator L and our computer program [CP]. Finally, we show convergence 
to a round point combining the boundedness of and the proof of [101 Theorem 
A.I.] by F. Schulze and O. Schniirer. 
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• \A\‘^-flow and Gauss curvature flow. We sketch the proof of results similar to 
our main Theorem 16.51 for the |>lp-flow, and for the Gauss curvature flow. 

• Appendix: Some of the Lemmas leading up to the proof our main Theorem 
16.51 rely on the computer program [cp], where we use a Monte-Carlo method. For 
the convenience of the reader, we include the source code of [CP] in three different 
programming languages, namely the computer algebra systems Mathematica, Sage, 
and Maple. 


2. Acknowledgments 

We would like to thank O. Schniirer for suggesting the use of two monotone 
quantities instead of one. In particular, we thank O. Schniirer for proposing the 
quantity 4’\a\'^, and M. Makowski for proposing the quantity ^p\a\'^- We are also 
indebted to M. Westerholt-Raum and F. Kuhl for their help in translating the 
computer program [cp] from Mathematica to Sage and to Maple. 


3. Notation 

For a quick introduction of the standard notation we adopt the corresponding 
chapter from [^. 

We use X = X{x, t) to denote the embedding vector of an n-manifold Mt into 
and -^X = X for its total time derivative. It is convenient to identify Mt and 
its embedding in The normal velocity F is a homogeneous symmetric func¬ 

tion of the principal curvatures. We choose u to be the outer unit normal vector to 
Mt- The embedding induces a metric gtj := {X^i, Xj) and the second fundamental 
form hij := —{X^ij, v) for all i, j = 1,... ,n. We write indices preceded by commas 
to indicate differentiation with respect to space components, e. g. X^k = for all 
k = 1,... ,n. 

We use the Einstein summation notation. When an index variable appears twice 
in a single term it implies summation of that term over all the values of the index. 

Indices are raised and lowered with respect to the metric or its inverse ( 5 *^ ), e. g. 
= hijg^’^hkig’'^ = 

The principal curvatures X, i = I,...,n, are the eigenvalues of the second 
fundamental form (hij) with respect to the induced metric (gij). For n = 3, we 
name the principle curvatures also a = Ai, 6 = A 2 , and c = A3. A surface is called 
strictly convex if all principal curvatures are strictly positive. We will assume 
this throughout the paper. Therefore, we may define the inverse of the second 
fundamental form denoted by (h^^). 

Symmetric functions of the principal curvatures are well-defined, we will use the 
Gauss curvature K = = Y\a=i the mean curvature H = g^^hij = 

the square of the norm of the second fundamental form \A\^ = h^^hij = 
and the trace of powers of the second fundamental form trA'^ = tr (h*) = 

Sr=i write indices preceded by semi-colons to indicate covariant differ¬ 
entiation with respect to the induced metric, e.g. hij.^k — — y\khij — Tjj^hu, 

where F^^ = ^g^^ (gu.j + Qji.i — 9ij,i)- It is often convenient to choose normal co¬ 
ordinates, i. e. coordinate systems such that at a point the metric tensor equals 
the Kronecker delta, gij = Sij, in which (hij) is diagonal, (hij) = diag(Ai,..., A„). 
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Whenever we use this notation, we will also assume that we have fixed such a co¬ 
ordinate system. We will only use a Euclidean metric for so that the indices 

of /lij; k commute according to the Codazzi-Mainardi equations. 

A normal velocity F can be considered as a function of principal curvatures Ai, 
i = or {hij, gij). We set = gf^.gh ■ Note that in 


coordinate systems with diagonal hij and gij = Stj as mentioned above, E*-' is 
diagonal. 


4. Linear operator L 


We begin this chapter with Definition 14.11 of the linear operator Lw for a func¬ 
tion w of the principal curvatures Ai, i = Then we calculate the lin¬ 
ear operator Lw at a critical point of w in n = 3. To improve readabil¬ 

ity, we also choose normal coordinates at that critical point, i. e. gij = 5ij, and 
(hij) = diag (Ai, A 2 , As) = diag(a,6, c). This is Lemma 031 In Corollary 14.51 we 
will see that the linear operator Lw has the form 

Lw = Cw + Ew xo^ -I- xi^ xi -I- X2^ M®” X2 -I- Xs^ X3, 


where Cw(a, 6 , c), Ew(a, c) are functions in R, and M^"(a, 5, c), M®”(a, 5, c), 
6 , c) are functions in R^^^ with 


Xo = hi 2 - 3 , Xi 


fh22-l\ fhii-2\ 

Usapj’ """" UsJ’ U22;3j 


In subsequent calculations we need the linear operator Lw to be non-positive for 
some set S C R^. We achieve this by checking the non-positivity of each of the 
functions Cw,Ew, M®”, and on 5 C R^. In Remark 14.61 we state 

the criterion we use in our computer program [cp] to determine the negative semi¬ 
definiteness of M®”, and M'^". 


Definition 4.1 (Linear operator). Let w be a function of the principal curvatures. 
Then we define the linear operator L by 

(4.1) Lw = - F^^w-^j, 

which is corresponding to the geometric flow equation (HD. 

Lemma 4.2 (Linear operator). Let w = w(^hl^ be a function of the principal 
curvatures. Let L be defined as in (03D. Then we have 

Lw = W^^ {h,,F^^h^him + hThjm {F - F^^hkl)) 

hkl-^hrs-g. 

Proof. We refer to [5J Lemma 4.5]. □ 


Lemma 4.3 (Second derivatives). Let f be a normal velocity F or a function w of 
the principal curvatures. Then we have 

0,2 f ^ _ M. 

(4.3) = y: + Y. 

for any symmetric matrix (j]ij) and Xi 7 ^ Xj, or Xi = Xj and the last term is 
interpreted as a limit. 
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Proof. We refer to C. Gerhardt [6l Lemma 2.1.14]. 


□ 


Lemma 4.4 (Linear operator at a critical point). Let w = w^hj) be a symmetric 
function of the principal curvatures a, b, and c. At a critical point of w, i. e. 
w-^i = 0 for all i = 1,2,3, we choose normal coordinates, i. e. gij = 5ij and {hij) = 
diag(a, 6,c). Then we have 

Lw = Cw(a, b, c) 

+ Ew(o, b, c) ft'i 2;3 

(4.4) + Rw(a, b, C, /lup, ^22;1, ^33;l) 

+ Sw(a, b, c, hii-2, ^ 22 ; 2 , ^33;2) 

+ Tw(a, b, C, /lii;3, /l22;3, ^33;3) 


The constant terms Cw are 

Cw(a, b,c) =a Wa (a^ Fa + b^ Ft + c^ Fc + a (F - a Fa - b Ff, - c Fc)) 

+ bwa (a^ Fa + b'^ Fb + c^ Fa + b(F - aFa-bFb- cFc)) 
+ cwc (a'^ Fa + b^ Fb + c^ Fc + c (F - a Fa - b Fb - c Fc)) . 

The gradient terms are 

Ew(a, 6,c)/2 = {wc {Fa - Fb) - Fc {wa - Wb))/{a - b) 

+ {wb {Fa - Fc) - Fb {Wa - Wc))/{a - c) 

+ {Wa {Fb - Fc) - Fa {Wb - Wc)) / {b - c)^ . 


The gradient terms Rw are 


Rw(a, b, C, hii-i, /l22;l, ^33;l) 

~ Wa {{Faa ^ 11,1 F ^bb ^ 22 ;! F Fee ^ 33 ;l) 

+2 {Fab hll-,1 ^22;1 + Fac /l33;l + Fbc /l22;l ^33;l)) 


+ Wb ( 2 


, Fa- Fb ^2 

a — b 


'- 22 ;! 


.Fa-Fc 


"'33:1 


a — C 

Fa {Waa F Wbh ^22;1 F Wee ^33;1 

+ 2 {Wab hll-,1 ^22;1 + Wac ^11;1 ^33;1 + Wbc ^22;1 ^33;l)) 




-Fc 


^ "33; 1 ) • 
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The gradient terms Sw are 

Sw(a, 6, C, hii.2, ^22;2, ^33;2) 

= Wa( 2 


,Fa- Fb ^2 

0 — 0 

+ Wb i^Faa ^11;2 "1“ ^22;2 + Fee ^33; 2 

+ 2 (Fab ^ 11;2 ^ 22;2 + Fac /lll ;2 ^33;2 + Ff,c /l 22;2 ^33;2)) 

,Fb - Fe 2 
-h 


+ We I 2 


b — c 


33:2 


^“ 1^2 /in :2 

Fb (waa ^11;2 F lO&b ^22;2 F Wee ^33;2 

+ 2 (Wob ^11;2 ^22;2 + "U^ac ^11;2 ^33;2 + 'U^bc ^22;2 ^33;2)) 

-Fa 


6 -: 


''33; 2 


F/ie gradient terms are 

Tw(a, 6, C, /lll;3, h22;3, ^33;3) 

(c^Fa — Fe 2 
= Wa 2 -/l 


a — c 


11;3 


I ( J, 2 

+ l^b ( 2 —^-^^ 22;3 

+ We i^Faa ^ 11;3 F Fbb ^ 22;3 F F^c ^ 33^3 

F2 (Fab ^11;3 ^22;3 F Fac /lll;3 ^33;3 F Fbe /l22;3 ^33;3)) 
■Wa - Wc 

o-c 

Wb - We ,2 


-Fa (^2 

-Fb ( 2 


_ 1,2 

5 -c 22:3 


Fe (Waa ^ 11;3 F Wbb ^ 22;3 F 'tOcc ^ 33;3 

F2 (bOab /lll;3 /l22;3 F lOac ^11;3 ^33;3 F Wbe ^22;3 ^33;3)) • 


Furthermore, we have at a critical point of w 


hll-^l — - {wb /l22;l F We /l33;l) 


(4.5) 


Proof. We use Lemma 14.21 and Lemma 14.31 at a point, where we choose normal 
coordinates. This way we obtain the constant terms Cw, and the four gradient 
terms E^v, Ibw; ^wj and T'^v ■ 


^ 22;2 —- (Wa hii ;2 F We ^ 3312 ) , 

Wb 

^33;3 =- (Wa hu-^ + Wb ^ 22 : 3 ) ■ 

We 
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At a critical point of w, we have Wi{a, b,c) = 0 for i = 1,2, 3. This implies 

Wa hii-^ + Wb h2i-t + Wc h3l■^ = 0 . 

Using normal coordinates we obtain 

Wa hii-i + Wb h22-i + Wc hss-i = 0. 

Now we obtain for i = 1,2,3 the identities 

hii;i = - {wb /i 22 ;i + Wc hss i), 

Wa 

^22;2 =- (Wa hii;2 + Wc h33;2) , 

Wb 


^33;3 =- {Wa /lll;3 + Wb h22-3) ■ 

Wc 


This concludes the proof. 


□ 


Corollary 4.5 (Linear operator at a critical point). Let the gradient terms Rw, 
Sw, and Tw he defined as in Lemma \4-.4\ 

Then we have 


Rw(a, b, c, h22;i, hss-i) = 
Sw(a, b, c, hii; 2 , h33;2) = 

Tw(a, b, C, hii;3, h22;3) = 


^22;l 

^33;1 

^ 11;2 

^33;2 

^11;3 

^22;3 


b, c) 


b, c) 


M'^'" {a,b,c) 


n 22 ;l 

^33;l 

hll-2 

^33; 2 

Ul;3 

U2;3 


The elements of the matrix M^^{a,b,c) are 

FaWb - Fb Wa 


(a, b,c) =2 


a — b 

9 

+ Faa — - 2Fab Wb + Fbb Wa 
Wa 


-Fa 


Wt 


- 2Wab -h Wbb 


^12 — ^aa FqI) Wq -^ac '^b H“ F'bc '^a 

Wa 

WbWc Wc Wb 

Fa ( Waa o Wab Wac H” Wbc | 5 

Wi Wa Wa 


^^ 2 {a,b, c) =2 


Fa Wc - Fc Wa 


a — c 

+ Faa —~ — 2 Fac Wq H" Fee Wa 
Wa 

'W^ UJ 

- Fa ( Waa—^ “ 2Wac — + Wc 

Wi Wa 
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The elements of the matrix {a,b,c) are 


mf” (a, b,c) =2 


Fg Wb - Fb Wg 
a — b 


F Fgg W\y ‘IFg}} Wg F 


Wg 


Wb 

w zv 

( '^aa ‘^^ab H“ ZVbb 9 
Wb W, 

'"bb 


2 J ’ 
b . 


W W 

(g, b^ (fj — Fgb Wg F Fgg Wb F Fbb Fbc Wg 


Wb 

t Wc Wg Wg Wg 

- tb -Wgb -h Wag F Wbb -2- "^bc - 

Wb wt Wb 


17122 {a, b,c) =2 


Fb Wg - Fg Wb 

b — c 


Wg 


“t" Fbb 2jFbg Wg F Fgg Wb 

Wb 

,,2 


-Fb 


Wg Wg 

Wbb 2 2Wbg “t“ Wgg | . 

V w^ Wb 


The elements of the matrix (a, b, c) are 


mjf' (a, b,c) =2 


Fg Wg - Fg Wg 


F Fgg Wg — 2Fgg Wg F Fgg - - 

Wg 

Fg ( Wgg 2Wgg “t" Wgg - 


^^12 ^ab Wg Fgg Wb Fbg Wg F Fg 


Wg Wb 


Wg 


gg , Wb Wg WgWb 

Fg ( Wgb Wgg Wbg F Wgg „ 

Wg Wg Wi 


T^, , ^ FbWg- FgWb 

^22^[a,b,c) =2 -- 


“1“ Fbb Wg 2Fbg Wb “t“ Fgf 


Wt 


ZVb 

- Fg ( Wbb - 2.Wbg -h W, 


wt 


Proof. We use identities (14.51) to replace hn-i, /i 22 ; 2 ) and ft. 33;3 in R^, S.jv, and 
from Lemma 14.41 respectively. Now we rewrite the quadratic forms Rw, S^, and 
Tvv as M X. This concludes the proof. □ 


Remark 4.6 (Sufficient conditions for the non-positivity of the linear operator). 
Under the assumptions of Lemma 14.41 the linear operator Lw is non-positive at 
some critical point of w, if Cw, Ew are non-positive, and M®", and 

are negative semi-definite there. This is a direct consequence of Lemma 14.41 and 
Corollary 14.51 
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Now let M S be a symmetric matrix. Then we have the equivalent condi¬ 


tions 



is negative semi-definite, 


(2) tr M = mil + ^^22 < 0, and — det M = 771^2 — m-ii m22 < 0. 

In [cp], we check the non-positivity of the linear operator Lw by checking the non¬ 
positivity of Cw, Ew, and by checking condition (2) for the matrices M®", 

and 


5. Vanishing functions 

In n = 2, for many normal velocities F the quantity 


(Ai - \2f ^2 
(Al \2)^ 


seems to be the natural choice when showing convergence to a round point. As in 
[5], we call this quantity a vanishing function for a normal velocity F. It is used 


by B. Andrews for the Gauss curvature flow [T], by F. Schulze and O. Schniirer for 


the iJ'^-flow [To], by B. Andrews and X. Chen for the |A|°’ and the tr A'^-flow |2]. 

First we give the Definition 15.11 of a vanishing function in K"+^, n = 3. In 
Remark 15.31 we then introdnce 



as the counterpart of a vanishing function for arbitrary dimensions n S N. In this 
paper we work with the quantity in particular in n = 3. 

In Lemma [5.4l we deduce a simple but interesting estimate for vanishing functions 


for arbitrary dimensions n G N. We employ this Lemma 15.41 in the proof of our 


main Theorem 16.51 

Definition 5.1 (Vanishing function). Let v{a,b,c) € (®+) with u ^ 0. Let 

C'^(ft, 5, c) be defined as in Lemma 01 We call V a vanishing function for a 
normal velocity F if Cv(a, 5, c) = 0 for all 0 < a, b, c. 

Example 5.2 (Vanishing function). We have the following example of a vanishing 
function for a normal velocity F: 



Remark 5.3 (Vanishing function). We can define a vanishing function for arbitrary 
dimensions n G N. Let A^, i = 1,..., n, denote the principal curvatures of a hyper¬ 
surface in R”+^. Using Lemma l4^ we can define constant terms Cw(Ai,..., A„) as 


in Lemma l4.4l for an arbitrary n G N. We have the following example of a vanishing 
function: 



(5.1) 
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Interestingly, we still obtain a vanishing function if we omit up to n — 1 terms of 
the form 

This reminds us of [HI Theorem 1.5] by G. Huisken and C. Sinestrari. 


Lemma 5.4 (Vanishing function). Let v be a vanishing function as defined in 
Remark \5.S[ Let v < on some set S C K", and for some constant C > 0. 

Then we have 


(5.2) 


1 < 


< 1 + C- 


F 


on S. 


Proof. We assume Amin = Ai < ... < An = Amax and obtain 

^2 > ^ (Aj - > (An - Ai)^ ^2 


i<j 




(Ai A. 


which implies 


AiAn 


This concludes the proof. 


□ 


6. i7^-FLOW 


The proof of our main Theorem 16.51 is based on investigating 
(a — 6)^ + (a — cfi + {b — c)^ 


(pH3 = 

and tpHS = 


{a + b + c)2 
(o — 6)^ (a — cfi 


{a by 


{acy 


jb - c) 

(bey 


■) ("T- 


The quantity ipffs is inspired by the quantity used in [7] by G. Huisken. The other 
quantity is a vanishing function. First we show that the estimate < h := 
1 /8 is preserved during the TJ^-flow if the initial hypersurface Mq is 2-pinched. This 
is Lemma 16.11 and Gorollary 16.21 Next we prove that is bounded in time on 
the set where <ph^ < h. This is Lemma 16731 and Gorollary 16.41 

The proofs of these Lemmas and Gorollaries involve the maximum-principle, the 
linear operator L and our computer program [cpj. In [cp] we deal with computa¬ 
tions of two kinds. One kind is the purely algebraic manipulation of terms, and 
could still be performed by pen and paper. The other kind of computations includes 
random numbers for a Monte-Garlo method, which appears to be very tedious to 
carry out with pen and paper. 

Finally, we show convergence to a round point combining the boundedness of 
tpHS and the proof of m Theorem A.I.] by F. Schulze and O. Schniirer. This is 
our main Theorem 16.51 


Lemma 6.1 (Monotone quantity p). Let (]^t)Q<t<T be « maximal solution of the 
H^-flow, where Mq is 2-pinched. Then we have 

Lip < 0 

at a critical point of p, where Q <p <\/^='. h. 
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Proof. Let Sc 2 be the 2-pinched cone in the positive orthant. In [CP], we compute 
Sc 2 •= {(^ 1 ; ^ 2 ;-^ 3 ) G • K/^j ^ 2 for all 1 < i,j < 3} 

Sh :={(«, b, c) e K+ : 0 < V? < 1/8 = h}, 

Sl^p :={(«, b, c) e K+ : L(/7 < 0} 
and show that 


^C2 ^ c Sl^ip 

using a Monte-Carlo method. Here, we check the non-positivity of Lip as described 
in Remark 14.61 

Since the functions Xi/Xj, p, and Lip are homogeneous in the principal curvatures, 
it suffices to compute the sets Sc 2 , Sh, and in [cp] for the radial projection 

TT : {a -I- & -I- c = 1}, (a, 6 , c) 1 —^ (a, h^c)/{a h + c). 

This concludes the computer-based proof. □ 

Corollary 6.2 (Monotone quantity p). Let (.Mt)o<t<r ® maximal solution of 
the H^-flow, where Mq is 2-pinched. Then we have that 

p <h := 1/8 

during the H^-flow. 

Proof. This follows directly from Lemma l 6 .II using the maximum-principle. □ 

Lemma 6.3 (Monotone quantity f)). Let (.^t)o<t<T ® maximal solution of the 

H^-flow, where Mq is 2-pinched. Then we have 

Li/ < 0 

at a critical point of where tp > 0. 

Proof. By Corollary [621 we have 

p < h 

during the iJ^-flow. Let Sc 2 > Su be defined as in Lemma 16.11 In [cp], we also 
compute 

Sl^j ■= {(a, b, c) G IR+ : < 0} 

and show in particular the second inclusion of 

Sc2 C Sh C Sli/j 

using a Monte-Carlo method. By Lemma [6.11 we have the first conclusion. 

This concludes the computer-based proof. □ 

Corollary 6.4 (Monotone quantity ip). Let (Mt)Q.^^^rp be a maximal solution of 
the H^-fiow, where Mq is 2-pinched. Then we have that 

max lb 
Mt 

is non-increasing during the H^-flow. 

Proof. This follows directly from Lemma 16.31 using the maximum-principle. □ 

Theorem 6.5 (iL^-flow). Let (ALtjg^^^y be a maximal solution of the H^-flow, 
where Mq is 2-pinched. Then {Mt)Q^^^rp converges to a round point. 
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Proof. We closely follow proof of the corresponding [Tni Theorem A.I.] by F. 
Schulze and O. Schniirer. 


By [ini Theorem 1.1] the surfaces Mt become immediately strictly convex for 
t > 0. Now choose a sufficiently small 0 < £ < T such that the H^-Row is smooth 
and strictly convex on the interval {s,T). Thus the quantity ipjjs is well-defined on 
this interval, and bounded from above by Corollarv l6.4l By Lemma l5.4l this implies 


1 < ^ < 1 ^ 




on 

Now the proof follows analogously to the proof of (TOj Theorem 1.2]. 


□ 


7. |Ap-FLOW 

A result similar to our main Theorem 16.51 holds for the normal velocity F = \A\^ 
and 3-pinched hypersurfaces. For a proof consider 

(a^ + 6^ -I- c^)(a6 -I- ac -I- 6c)^ 

- 

{a + b + c)^ ((a - -I- (a - c)^ + (& - c)^) 


and V’lAp = 


and O. Schniirer [9]. As in chapter on H^-Row using [cp] we obtain 


Lemma 7.1 (|Ap-flow). Let be a maximal solution of the \A\^-flow, 

where Mq is 3-pinched. Then we have that 


is non-increasing in time. 


max ■i/'Mp 

Mt 


8 . Gauss curvature flow 


A result similar to our main Theorem 16.51 holds for the normal velocity F = K 
and 2-pinched hypersurfaces. For a proof consider 


Tk 
and -ipK 


(a — b)^ + (a — c)^ + {b — c)^ 

-b 6^ -I- 

/ (g - (q - cf {b-cf \ 2 

V (a6)2 ^ (ac)2 ^ (6 c)2 J ^ ’ 


and B. Chow [3]. As in chapter on i7^-flow using [cp] we obtain 


Lemma 8.1 (Gauss curvature flow). Let be a maximal solution of the 

Gauss curvature flow, where Mq is 2-pinched. Then we have that 


max ifK 

Mt 


is non-increasing in time. 
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9. Outlook 

Our aim is to show convergence to a round point without pinching requirements 
using vanishing functions in arbitrary dimensions. Instead of splitting the linear 
operator L into constant terms and gradient terms we intend to work with integral 
estimates similar to G. Huisken [7]. This way we seek to prove convergence to 
a round point for contracting normal velocities, including powers of the Gauss 
curvature, K, of the mean curvature, H, and of the norm of the second fundamental 
form, |A|. 


10. Appendix 


Some of the Lemmas leading up to the proof our main Theorem 16.51 rely on the 
computer program [CP]. First we compute the linear operator L for the correspond¬ 
ing quantities (/? and ijj. Next we use a Monte-Garlo method to compute the sets 
Sc 2 i and 5^^. Finally, we compute the two inclusions 


( 10 . 1 ) 


Sc2 cSh c Ship, 
Sc2 C c SliJj- 


For the convenience of the reader, we include the source code of [CP] in three 
different programming languages, namely for the computer algebra systems Math- 
ematica, Sage, and Maple. The first part of the appendix is the Mathematica 
program, the second part is the Sage program, and the third part is the Maple 
program. 

In the first part we also visualize the two inclusions 


At WWW. arxiv. org we can only submit this article without the computer pro¬ 
gram [cp]. To download this article with the computer program [cp] please go to 

WWW.martinfranzen.de, 
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